Fixed point results are presented for single-valued cyclic weakly ϕ F −contractive mappings on complete metric spaces (X, d), where ϕ : [0, +∞) −→ [0, +∞) is a function with ϕ −1 (0) = {0}, ϕ(t) < t for all t > 0 and ϕ(t n ) → 0 implies t n → 0, and F : [0, +∞) −→ [0, +∞) is continuous with F −1 (0) = {0} and F(t n ) → 0 implies t n → 0. Our results extend previous results given by Rhoades (2001)[20], Moradi and Beiranvand (2010) [13], Amini-Harandi (2010) [2] and Karapinar (2011) [11] .
Introduction

Let (X,
for all x, y ∈ X. The concept of the ϕ−weak contraction was defined by Alber and Guerre-Delabriere [1] in 1977. Rhoades [20, Theorem 2] proved the following fixed point theorem for ϕ−weak contraction single-valued mappings, giving another generalization of the Banach contraction principle. 
for all x, y ∈ X(i.e. it is ϕ−weakly contractive), where ϕ[0, +∞) −→ [0, +∞) is a continuous and nondecreasing function with ϕ −1 (0) = {0}. Then, T has a unique fixed point.
By choosing ψ(t) = t − ϕ(t), ϕ−weak contractions become mappings of Boyd and Wong type [4] , and on defining k(t) =
1−ϕ(t) t
for t > 0 and k(0) = 0, then ϕ−weak contractions become mappings of Reich [21] . In fixed point theory, ϕ−weak contraction has been studied by many authors, see for example [6] , [11] - [18] , [22, 23] , and the references therein. In (2010) Amini-Harandi [2] proved the following theorem on the existence of a fixed point for a singlevalued mapping. Theorem 1.2. Let (X, d) be a complete metric space and let T : X → X be a mapping satisfies
for each x, y ∈ X, where ψ[0, +∞) −→ [0, +∞) is upper semicontinuous, ψ(t) < t for each t > 0 and satisfies lim inf t→∞ (t − ψ(t)) > 0. Then, T has a fixed point.
In (2010) Pǎcurar [19] presented the following definitions. X i is a cyclic representation on X with respect to T if (1) X i , i = 1, ..., m are non-empty sets; 
for any x ∈ A i , y ∈ A i+1 , i = 1, 2, ..., m, where
Recently, Karapinar [11] proved the following theorem on the existence of fixed point for cyclic weak ϕ−contraction mappings. There are another results on the existence of fixed point for cyclic mappings, see for example [3] , [7] , [8] , [9] and [10] .
In Section 3, we extend Rhoades, Moradi and Beiranvand, Amini-Harandi and Karapinar' results.
Preliminaries
In this work, (X, d) denote a complete metric space. We introduce the notation F for all continuous mappings F : [0, +∞) −→ [0, +∞) with F −1 (0) = {0}, and satisfies the following condition:
Let Ψ be the class of all nondecreasing mapping ψ : [0, +∞) −→ [0, +∞) with ψ −1 (0) = {0} and ψ(t) < t for all t > 0. Also we introduce the notation Φ for all mappings ϕ : [0, +∞) −→ [0, +∞) with ϕ −1 (0) = {0} and ϕ(t) < t for all t > 0 and satisfies the following condition:
Obviously Ψ ⊂ Φ. Also, every l.s.c. mapping ϕ : [0, +∞) −→ [0, +∞) with ϕ −1 (0) = {0}, ϕ(t) < t for all t > 0 and lim inf t→∞ ϕ(t) > 0 belong to Φ. At last, suppose Ω be the class of all mappings ϕ : [0, +∞) −→ [0, +∞) with ϕ −1 (0) = {0} and satisfies the following condition:
In Section 3 we show that Φ ⊂ Ω. 
A i is a cyclic representation of Y with respect to T, and
for any x ∈ A i , y ∈ A i+1 , i = 1, 2, ..., m, where A m+1 = A 1 .
Main Results
At first we prove the following useful lemma.
Proof. Suppose for every α ∈ (0, 1) there exists t ∈ [a, b] such that t − ϕ(t) > αt. Hence for a sequence {α n } ∞ n=1
⊂ (0, 1) with lim n→∞ α n = 1, there exists a sequence {t n } ∞ n=1
Therefore, lim n→∞ ϕ(t n ) = 0. Since ϕ ∈ Φ, then lim n→∞ t n = 0 and this is a contradiction.
The following theorem extends Rhoades [20] , Amini-Harandi [2], Karapinar [11] , Moradi and Beiranvand [13] and Branciari's results [5] . Proof. Let x 1 ∈ Y, and set x n+1 = Tx n for all n ∈ N. We may assume that x 1 ∈ A 1 . Notice that for any n, there exists i n ∈ {1, 2, · · · , m} such that x n ∈ A i n and x n+1 ∈ A i n +1 . So
So the sequence {F(d(x n+1 , x n ))} is monotone nonincreasing and bounded below. Hence, there exists r ≥ 0 such that
If r > 0, then there exists ε > 0 such that r − ε > 0. From (10), there exists N 0 ∈ N such that for all n ≥ N 0 ,
Since ϕ ∈ Ω, there exists α ∈ (0, 1) such that
for all t ∈ [r − ε, r + ε]. Hence for all n ≥ N 0 , from (9)
Since F ∈ F , letting n → ∞ in (12) we get F(r) ≤ αF(r). Since α ∈ (0, 1), then F(r) = 0 and hence r = 0. So from F ∈ F and (10) we conclude that
Using triangular inequality and above inequality
for all l ∈ {1, 2, · · · , m}. Now we show that {x n } is a Cauchy sequence. Suppose that {x n } is not Cauchy. So there exists a > 0 and sequence {n(k)} such that n(k
Letting k → ∞ in above inequality, we get
Suppose that m(1) = n(1), m(2) = n(2) + l 2 , where
Using (14), (16) and above inequality, we conclude that
Since F ∈ F and (18) holds, then
Also,
From (13), (18) and above inequality
Hence,
From (6) and m(2k) ≡ m(2k − 1) + 1(mod m) for all k ∈ N, we have
If F(a) > 0 then for some ε > 0, F(a) − ε > 0. From (19) and (20), there exists N 0 ∈ N such that for all n ≥ N 0 ,
for all t ∈ [F(a) − ε, F(a) + ε]. Hence for all k ≥ N 0 , from (23)
Letting k → ∞ in above inequality, we get, F(a) ≤ αF(a). Since α ∈ (0, 1), then F(a) = 0 and hence a = 0 and this is a contradiction. Therefore {x n } is Cauchy. Since (X, d) is complete and {x n } is Cauchy, there exists x ∈ X such that lim
{x nm+i : n ∈ N} ⊆ A i and A i is closed, we conclude that
Letting n → ∞ in above inequality, we get Proof. Since x ∈ m i=1 A i and y n ∈ Y, from (6) 
for all x, y ∈ X, where F ∈ Ψ and ψ : [0, +∞) → [0, +∞) is upper semi-continuous with ψ(t) < t for all t > 0 and satisfies lim inf t→∞ (t − ψ(t)) > 0. Then T has a unique fixed point.
Proof. Let φ(t) = t − ψ(t) and apply Theorem 3.2.
